abstract: Using the Exton's multiple joint moments in four dimensional spaces due to Dirichlet density and a generalization of Bosanquet and Kestelman theorem , we prove some theorems in summability of the series containing quadruple hypergeometric functions. These theorems generalize some well known generating functions and multiplication theorems involving product of hypergeometric functions of one and more variables. We discuss some other applications and establish several interesting particular cases. Finally, we obtain an approximation formula of the series involving Exton's quadruple hypergeometric function K 11 .
Introduction
Exton [7, p. 232] has defined the joint moments for k-dimensional random variable (x 1 , ..., x k ) and with the density f (x 1 , ..., x k ) in the form The Dirichlet density is defined by (see Exton [7, p.232 ] and Mathai and Haubold [12] In our investigation, we consider the Exton's quadruple hypergeometric function K 11 (., ., ., .) defined by following Euler type integral formula (see Exton [6] ) For the sake of our present investigation, we define the Dirichlet density (1.2) for four dimensional spaces in the form f (x, y, z, t) = Γ(a)(α) −(µ 1 +σ1) (β) −(µ 2 +σ2) (γ) −(µ 3 +σ3) (δ) (1 − xα
in the region x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 and 
(1.4) We also present following generalization of Bosanquet and Kestelman Theorem (see [1] ): 1, 2 , ..., k) and otherwise, f (x 1 , ...x k ) = 0. Again, in this region g n (x 1 , ..., x k ) be a sequence of multivariable measurable function and if for any constant η there exists
Further, with help of the Eqns. (1.5) and (1.7) we may write 
where, the region R is such that x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 and
Next, we present a theorem to get the sum of the series involving joint moments given in Eqn. (2.1): 
is summable for |h 4 δ| < 1, max {|h 1 α| , |h 2 β| , |h 3 γ|} < 1and equal to
Proof: Make an appeal to Eqn. 
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quadruple hypergeometric function K 11 (., ., ., .) (see Exton [5] ) to get the equality
Now, in right hand side of Eqn. (2.4) in the hypergeometric integral formula make some manipulations and use the Euler type integral formula (1.3) to get
Then, making an appeal to the Euler type integral formula of Gaussian hypergeometric function 2 F 1 (.) (see Srivastava and Karlsson [16] , Srivastava and Manocha [17] , Mathai and Haubold [12] ) and that of Lauricella's triple hypergeometric functionF (3) B (., ., .) (see Srivastava and Manocha [17] and Exton [7] ) in right hand side of Eqn. (2.5), we get
Again, in right hand side of Eqn. (2.6), the hypergeometric function 2 F 1 (.) converges absolutely for |h 4 δ| < 1 and Lauricella's triple hypergeometric function F (3) B (., ., .) converges absolutely when max{|h 1 α|, |h 2 β|, |h 3 γ|} < 1, therefore, the series in left hand side of Eqn. (2.6) is summable.
Hence, this is the Theorem. ✷
Applications in Summability of the Series Involving Quadruple Hypergeometric Functions
In this section, we obtain the sum of series involving Exton's quadruple hypergeometric function K 11 (., ., ., .) on presenting following theorems: 
is summable and equal to the formula
provided that max{|h 1 α|, |h 2 β|, |h 3 γ|} < 1.
Proof: In Eqns. (2.4) and (2.6) replacing b 4 by −r and then multiplying them by T r r! , again summing r, from −∞, to ∞, we get 
Finally, make an appeal to the Theorem 1.1 in Eqn. (3.3), we get Eqn. (3.1). Again for |T | < 1 and max {|h 1 α| , |h 2 β| , |h 3 γ|} < 1, it is convergent and hence the series consisting Exton's quadruple hypergeometric function K 11 (., ., ., .) is summable.
✷
In similar manners we can obtain following Theorems: 
Proof: In this Theorem, to get thte result (3.4), we use the technique of Theorem 3.1 and make an appeal to the result due to Srivastava [13] is summable and equal to
provided that 
Other Applications with Special Cases

With a view to describing and illustrating some special cases involving the results of known and unknown bilinear and bilateral functions, we begin this section by presenting the following Theorem:
Proof: For non-negative measurable functions and in consequences of Lebesgue convergence theorem for Dirichlet measure, which is defined in Eqn. (4.1), and the series (4.2), we get
Finally, the Eqn. (4.4) easily gives us (4.3) . ✷ Now employing Theorems 3.5 and 4.1, we evaluate the bilateral generating relation
provided that
Take h 2 → 0 in both sides of Eqn. (4.5) to get another bilateral relation
Further, set h 3 → 0 in both sides of Eqn. (4.6) to get bilinear relation due to Srivastava and Manocha [17, p. 298 
Again on replacing b 3 by χ and h 3 by h3 χ and then take χ → ∞, in both sides of Eqn. (4.6), we get 
Approximation Formula
In this section, we obtain an approximation formula for the summation of the series consisting Exton's quadruple hypergeometric function K 11 (., ., ., .).
To obtain this formula we make an appeal to the following theorems due to T. M. Flett [Proc. Edinburgh, Math. Soc. (2) Srivastava and Manocha [17, p. 53] ) is given by
We also use the Lauricella's triple hypergeometric function F
B (., ., .) defined by
provided that max{|x|, |y|, |z|} < 1. Srivastava and Manocha [17, p.38 
The asymptotic estimates of Kummer's confluent hypergeometric function is given as (see
Four Dimensional Joint Moments
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Proof: The Eqn. (5.3) may be written as
(5.6) Again, all c + p ≥ c, ∀p ∈ N 0 , therefore the Eqn. (5.6) gives us
Now, using the results (5.1) and (5.2) in Eqn.(5.7), we find the formula (5.5). ✷ Theorem 5.4. (The Approximation Formula of Series Consisting Quadruple Hypergeometric Function K 11 (., ., ., .))
Let for any a, 2 ≥ c ≥, max{1, 2( 
